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Abstract
Bhaskar and Lakshimkantham [T. G. Bhashkar and V. Lakshmikantham, Fixed point
theorems in partially ordered metric spaces and applications, Nonlinear Anal. 65 (2006)
1379-1393] proved the existence of a coupled ﬁxed point for a single valued mapping under
weak contractive conditions and as an application they proved the existence of a unique
solution of a boundary value problem associated with a ﬁrst order ordinary diﬀerential
equation. Lakshmikantham and ´ Ciri´ c [V. Lakshmikantham and Lj. ´ Ciri´ c, Coupled ﬁxed
point theorems for nonlinear contractions in partially ordered metric space, Nonlinear
Anal. 70 (2009) 4341-4349] obtained a coupled coincidence and a coupled common ﬁxed
point of two single valued maps. In this paper, using the setting of a partially ordered gen-
eralized metric space, common coupled coincidence point results are obtained for hybrid
pair of two mappings without exploiting the notion of continuity of mappings involved
herein. As an application, we obtain a coupled ﬁxed point of mapping in such spaces.
We give an example of concepts introduced herein. These results generalize several well
known comparable results in the literature.
Keywords: Coupled coincidence point; coupled ﬁxed point; mixed monotone property; generalized
metric space.
1 Introduction and Preliminaries
Existence of ﬁxed points in ordered metric spaces has been applied by Ran and Reurings
[1]. Recently, many researchers have obtained ﬁxed point and common ﬁxed point results
in partially ordered metrics spaces (see, e.g., [2]-[14]). Bhaskar and Lakshmikantham in
Corresponding author. Email address: hassen.aydi@isima.rnu.tn
1[15], introducing the concept of coupled ﬁxed point of a mapping F : X × X → X,
considered some coupled ﬁxed point theorems in partially ordered sets. As an application,
they studied the existence and uniqueness of a solution for a periodic boundary value
problem associated with a ﬁrst order ordinary diﬀerential equation. Lakshmikantham and
´ Ciri´ c [16] introduced the concepts of coupled coincidence and coupled common ﬁxed point
for mappings satisfying nonlinear contractive conditions in partially ordered complete
metric spaces and generalized the results given in [15]. For more works in coupled ﬁxed
point and coincidence point, we refer the reader as example to [17]-[24].
In this paper, we introduce the notion of compatibility of {F,g}, a hybrid pair of
mappings F : X ×X → X and g : X → X. This notion is weaker than the commutativity
of hybrid pair {F,g}. We then employ this notion to obtain common coupled coincidence
point for hybrid pair of two mappings. We also give an example to support our result
presented herein.
Consistent with Mustafa and Sims [25], the following deﬁnitions and results will be needed
in the sequel.
Denition 1.1. Let X be a nonempty set. Suppose that a mapping G : X ×X ×X → R+
satises:
(a) G(x,y,z) = 0 if x = y = z;
(b) 0 < G(x,y,z) for all x,y ∈ X, with x ̸= y;
(c) G(x,x,y) ≤ G(x,y,z) for all x,y,z ∈ X, with y ̸= z;
(d) G(x,y,z) = G(x,z,y) = G(y,z,x) = ..., (symmetry in all three variables); and
(e) G(x,y,z) ≤ G(x,a,a) + G(a,y,z) for all x,y,z,a ∈ X.
Then G is called a G−metric on X and (X,G) is called a G−metric space.
Denition 1.2. A sequence {xn} in a G−metric space X is:
(i) a G−Cauchy sequence if, for any ε > 0, there is an n0 ∈ N ( the set of natural
numbers ) such that for all n,m,l ≥ n0, G(xn,xm,xl) < ε,
(ii) a G−convergent sequence if, for any ε > 0, there is an x ∈ X and an n0 ∈ N, such
that for all n,m ≥ n0, G(x,xn,xm) < ε.
A G−metric space on X is said to be G−complete if every G−Cauchy sequence in
X is G−convergent in X. It is known that {xn} G−converges to x ∈ X if and only if
G(xm,xn,x) → 0 as n,m → ∞ [25].
Proposition 1.1. [25]. Let X be a G−metric space. Then the following are equivalent:
1. {xn} is G−convergent to x.
2. G(xn,xn,x) → 0 as n → ∞.
3. G(xn,x,x) → 0 as n → ∞.
4. G(xn,xm,x) → 0 as n, m → ∞.
2Proposition 1.2. [25]. Every G−metric on X denes a metric dG on X by
dG(x,y) = G(x,y,y) + G(y,x,x), for all x,y ∈ X. (1.1)
For more works in G-metric spaces, we refer the reader to [26]-[43].
Recall that if (X,≤) is a partially ordered set, a mapping f : X → X is said to be non-
decreasing ( non-increasing) if for x,y ∈ X, x ≤ y gives that f(x) ≤ f(y) (f(x) ≥ f(y)).
Denition 1.3. [15]. An element (x,y) ∈ X × X is called a coupled xed point of a
mapping F : X × X → X if x = F(x,y) and y = F(y,x).
Denition 1.4. [2]. An element (x,y) ∈ X × X is called:
(c1) a coupled coincidence point of mappings F : X × X → X and g : X → X if
g(x) = F(x,y) and g(y) = F(y,x), and (gx,gy) is called coupled point of coincidence.
(c2) a common coupled xed point of mappings F : X × X → X and g : X → X if
x = g(x) = F(x,y) and y = g(y) = F(y,x).
Denition 1.5. [16]. Let (X,≤) be a partially ordered set. A map F : X × X → X is
said to has the g-mixed monotone property where g : X → X if for x1,x2,y1,y2 ∈ X
gx1 ≤ gx2 implies F(x1,y) ≤ F(x2,y) for all y ∈ X
and
gy1 ≤ gy2 implies F(x,y2) ≤ F(x,y1) for all x ∈ X.
If we take g = IX ( an identity mapping on X ), then F is said to has the mixed
monotone property ([15]).
Denition 1.6. Let X be a nonempty set. Mappings F : X × X → X and g : X → X
are said to be commutative if
g(F(x,y)) = F(gx,gy)
for all x,y ∈ X.
Now, we introduce a notion of compatibility for a hybrid pair {F,g}.
Denition 1.7. Let X be a nonempty set. Mappings g : X → X and F : X ×X → X are
said to be compatible if for some sequences {xn} and {yn} in X such that lim
n!1F(xn,yn) =
lim
n!1
g(xn) = x for some x in X imply
lim
n!1F(gxn,gyn) = lim
n!1g(F(xn,yn)).
We present an example of mappings which are compatible but not commutative.
3Example 1.1. Let X = R+. Dene F : X × X → X and g : X → X as
F(x,y) =
{
x + y if x,y ∈ [0,1],
1 otherwise,
and g (x) = 2x.
Take xn = yn =
1
8
+
1
8n
, then F(xn,yn) =
1
4
+
1
4n
→
1
4
as n → ∞. Also, g (xn) =
1
4
+
1
4n
→
1
4
as n → ∞.
Now, F(gxn,gyn) =
1
2
+
1
2n
→
1
2
as n → ∞ and g(F(xn,yn)) =
1
2
+
1
2n
→
1
2
as
n → ∞ implies that {F,g} is compatible. On the other hand F and g are not commutative
because g(F(1,2)) = g(1) = 2 ̸= 1 = F(2,4) = F(g1,g2).
2 Main results
Deﬁne, Ψ = {ψ | ψ : [0,∞) → [0,∞) is continuous, non-decreasing and ψ(t) = 0 if and
only if t = 0}. If ψ ∈ Ψ, then ψ is called an altering distance function. The notion
of altering distance function was introduced by Khan et al. [44]. For some examples of
altering distance functions, we refer to [44]. Let Φ = {ϕ | ϕ : [0,∞) × [0,∞) → [0,∞) is
continuous and ϕ(t,s) = 0 if and only if t = s = 0}.
We start with the following result.
Theorem 2.1. Let (X,≤) be a partially ordered set such that there exists a G− metric
on X. Let F : X × X → X and g : X → X be continuous mappings such that F has the
mixed g-monotone property and there exist ψ ∈ Ψ and ϕ ∈ Φ such that
ψ(G(F(x,y),F(u,v),F(w,z))) (2.2)
≤ ψ(
1
2
(G(gx,gu,gw) + G(gy,gv,gz)))
−ϕ(G(gx,gu,gw) + G(gy,gv,gz),G(gx,gu,gw) + G(gy,gv,gz))
for all x,y,z,u,v,w ∈ X with gx ≥ gu ≥ gw and gy ≤ gv ≤ gz. If F(X × X) is
contained in complete subspace g(X) and {F,g} is compatible. Then F and g have a
coupled coincidence point provided that there exist x0,y0 ∈ X such that gx0 ≤ F(x0,y0)
and F(y0,x0) ≤ gy0.
Proof. By given assumption, there exist x0,y0 ∈ X such that gx0 ≤ F(x0,y0) and
F(y0,x0) ≤ gy0. Since F(X × X) ⊆ g(X), we can choose x1,y1 ∈ X such that gx1 =
F(x0,y0) and gy1 = F(y0,x0). Similarly we can choose x2,y2 ∈ X such that gx2 =
F(x1,y1) and gy2 = F(y1,x1). Since F has a mixed g-monotone property, we have
gx0 ≤ gx1 ≤ gx2 and gy2 ≤ gy1 ≤ gy0. Continuing this process, we construct two
sequences {xn} and {yn} in X such that
gxn = F(xn 1,yn 1) ≤ gxn+1 = F(xn,yn)
and
gyn+1 = F(yn,xn) ≤ gyn = F(yn 1,xn 1).
4If for some integer k, (gxk+1,gyk+1) = (gxk,gyk), then F(xk,yk) = gxk and F(yk,xk) =
gyk implies that (xk,yk) is a coincidence point of hybrid pair {F,g}. Assume that
(gxn+1,gyn+1) ̸= (gxn,gyn) for all n ∈ N. Then (2.1) implies
ψ(G(gxn+1,gxn+1,gxn))
= G(F(xn,yn),F(xn,yn),F(xn 1,yn 1))
≤ ψ(
1
2
(G(gxn,gxn,gxn 1) + G(gyn,gyn,gyn 1)))
−ϕ(G(gxn,gxn,gxn 1) + G(gyn,gyn,gyn 1),G(gxn,gxn,gxn 1) + G(gyn,gyn,gyn 1))
≤ ψ(
1
2
(G(gxn,gxn,gxn 1) + G(gyn,gyn,gyn 1))). (2.3)
Since ψ is non-decreasing, we have
G(gxn+1,gxn+1,gxn) ≤
1
2
(G(gxn,gxn,gxn 1) + G(gyn,gyn,gyn 1)). (2.4)
Using (2.1) we have
ψ(G(gyn,gyn+1,gyn+1))
= G(F(yn 1,xn 1),F(yn.xn),F(yn,xn))
≤ ψ(
1
2
(G(gyn 1,gyn,gyn) + G(gxn 1,gxn,gxn)))
−ϕ(G(gyn 1,gyn,gyn) + G(gxn 1,gxn,gxn),G(gyn 1,gyn,gyn) + G(gxn 1,gxn,gxn))
≤ ψ(
1
2
(G(gyn 1,gyn,gyn) + G(gxn 1,gxn,gxn))). (2.5)
Also, since ψ is non-decreasing, we have
G(gyn,gyn+1,gyn+1) ≤
1
2
(G(gyn 1,gyn,gyn) + G(gxn 1,gxn,gxn)). (2.6)
By (2.4) and (2.6), we have
G(gxn+1,gxn+1,gxn) + G(gyn,gyn+1,gyn+1) ≤ G(gxn,gxn,gxn 1) + G(gyn,gyn,gyn 1).
(2.7)
So {G(gxn 1,gxn,gxn) + G(gyn 1,gyn,gyn)} is a nonnegative non-increasing sequence,
there exists r ≥ 0 such that
lim
n!1G(gxn 1,gxn,gxn) + G(gyn 1,gyn,gyn) = r.
By (2.3), (2.4) and the fact ψ(max{a,b}) = max{ψ(a),ψ(b)} for any a,b ∈ [0,+∞), we
have
ψ
(
G(gxn,gxn+1,gxn+1) + G(gyn,gyn+1,gyn+1)
2
)
≤ ψ (max{G(gxn,gxn+1,gxn+1),G(gyn,gyn+1,gyn+1)})
= max{ψ(G(gxn,gxn+1,gxn+1)),ψ(G(gyn,gyn+1,gyn+1))}
≤ ψ(
1
2
(G(gxn,gxn,gxn 1) + G(gyn,gyn,gyn 1)))
−ϕ(G(gyn 1,gyn,gyn) + G(gxn 1,gxn,gxn),G(gyn 1,gyn,gyn) + G(gxn 1,gxn,gxn))
≤ ψ(
1
2
(G(gxn,gxn,gxn 1) + G(gyn,gyn,gyn 1))) (2.8)
5which on taking limit as n → ∞ gives
ψ(
r
2
) ≤ ψ(
r
2
) − ϕ(r,r) ≤ ψ(
r
2
).
Therefore ϕ(r,r) = 0 and hence r = 0. Consequently
lim
n!1
G(gxn 1,gxn,gxn) + G(gyn 1,gyn,gyn) = 0. (2.9)
Next, we show that {gxn} and {gyn} are G-Cauchy sequences. Assume on Contrary that
{gxn} or {gyn} is not a G-Cauchy sequence. Then there exists ε > 0 for which we can
ﬁnd subsequences of integers mk and nk with nk > mk > k such that
G(gxmk,gxnk,gxnk) + G(gymk,gynk,gynk) ≥ ε. (2.10)
Further, corresponding to mk we can choose nk in such a way that it is the smallest integer
with nk > mk which satisfy (2.9). Then
G(gxmk,gxnk 1,gxnk 1) + G(gymk,gynk 1,gynk 1) < ε. (2.11)
By using the property (e) of generalized metric and (2.11), we have
ε ≤ G(gxmk,gxnk,gxnk) + G(gymk,gynk,gynk)
≤ G(gxmk,gxnk 1,gxnk 1) + G(gxnk 1,gxnk,gxnk)
+G(gymk,gynk 1,gynk 1) + G(gynk 1,gynk,gynk)
≤ G(gxmk,gxmk 1,gxmk 1) + G(gxmk 1,gxnk 1,gxnk 1)
+G(gxnk 1,gxnk,gxnk)
+G(gymk,gymk 1,gymk 1) + G(gymk 1,gynk 1,gynk 1)
+G(gynk 1,gynk,gynk)
≤ 2G(gxmk,gxmk,gxmk 1) + G(gxmk 1,gxnk 1,gxnk 1)
+G(gxnk 1,gxnk,gxnk)
+2G(gymk,gymk,gymk 1) + G(gymk 1,gynk 1,gynk 1)
+G(gynk 1,gynk,gynk)
≤ 2G(gxmk,gxmk,gxmk 1) + G(gxmk 1,gxmk,gxmk)
+G(gxmk,gxnk 1,gxnk 1) + G(gxnk 1,gxnk,gxnk)
+2G(gymk,gymk,gymk 1) + G(gymk 1,gymk,gymk)
+G(gymk,gynk 1,gynk 1) + G(gynk 1,gynk,gynk)
< 3G(gxmk,gxmk,gxmk 1) + 3G(gymk,gymk,gymk 1)
+ε + G(gxnk 1,gxnk,gxnk) + G(gynk 1,gynk,gynk).
Taking limit as k → ∞ in above inequalities and using (2.9), we obtain
lim
k!1
G(gxmk,gxnk,gxnk) + G(gymk,gynk,gynk)
= lim
k!1
G(gxmk 1,gxnk 1,gxnk 1) + G(gymk 1,gynk 1,gynk 1)
= ε. (2.12)
6As gxnk 1 ≥ gxnk 1 ≥ gxmk 1 and gynk 1 ≤ gynk 1 ≤ gymk 1, so by (2.1) we have
ψ(G(gxnk,gxnk,gxmk))
= ψ(G(F(xnk 1,ynk 1),F(xnk 1,ynk 1),F(xmk 1,ymk 1)))
≤ ψ(
1
2
(G(gxnk 1,gxnk 1,gxmk 1) + G(gynk 1,gynk 1,gymk 1)))
−ϕ(G(gxnk 1,gxnk 1,gxmk 1) + G(gynk 1,gynk 1,gymk 1),
G(gxnk 1,gxnk 1,gxmk 1) + G(gynk 1,gynk 1,gymk 1)) (2.13)
and
ψ(G(gymk,gynk,gynk))
= ψ(G(F(ymk 1,xmk 1),F(ynk 1,xnk 1),F(ynk 1,xnk 1)))
≤ ψ(
1
2
(G(gymk 1,gynk 1,gynk 1) + G(gxmk 1,gxnk 1,gxnk 1)))
−ϕ(G(gymk 1,gynk 1,gynk 1) + G(gxmk 1,gxnk 1,gxnk 1),
G(gymk 1,gynk 1,gynk 1) + G(gxmk 1,gxnk 1,gxnk 1)). (2.14)
From (2.13), (2.14), and the fact ψ(max{a,b}) = max{ψ(a),ψ(b)} for all a,b ≥ 0, we have
ψ(
1
2
(G(gxnk,gxnk,gxmk) + G(gymk,gynk,gynk)))
≤ ψ(max{G(gxnk,gxnk,gxmk),G(gymk,gynk,gynk)})
= max{ψ(G(gxnk,gxnk,gxmk)),ψ(G(gymk,gynk,gynk))}
≤ ψ(
1
2
(G(gxnk 1,gxnk 1,gxmk 1) + G(gynk 1,gynk 1,gymk 1)))
−ϕ(G(gxnk 1,gxnk 1,gxmk 1) + G(gynk 1,gynk 1,gymk 1),
G(gxnk 1,gxnk 1,gxmk 1) + G(gynk 1,gynk 1,gymk 1)).
Letting k → ∞ in above inequalities and using (2.12), we obtain
ψ(
ε
2
) ≤ ψ(
ε
2
) − ϕ(ε,ε)
which implies that ϕ(ε,ε) = 0 and hence ε = 0, a contradiction. Hence {gxn} and {gyn}
are G-Cauchy sequences in g(X), there exist x and y in X such that {gxn} and {gyn}
converge to gx and gy, respectively.
Since F and g are continuous maps, so we have
F(gxn,gyn) → F(gx,gy), g(gxn) → gg(x) as n → ∞.
As, {F,g} is compatible,
lim
n!1F(gxn,gyn) = lim
n!1g(F(xn,yn)) = lim
n!1g(gxn+1)
gives that F(u,v) = gu where u = gx and v = gy. Similarly, we have
F(gyn,gxn) → F(gy,gx) and g(gyn) → gg(y) as n → ∞
and
lim
n!1F(gyn,gxn) = lim
n!1g(gyn+1),
which implies that F(v,u) = gv, that is, (gx,gy) is a coupled coincidence point of F and
g.
7Corollary 2.1. Let (X,≤) be a partially ordered set such that there exists a G− metric
on X. Let F : X × X → X and g : X → X be continuous mappings such that F has the
mixed g-monotone property and there exist ψ ∈ Ψ and ϕ ∈ Φ such that
ψ(G(F(x,y),F(u,v),F(u,v))) (2.15)
≤ ψ(
1
2
(G(gx,gu,gu) + G(gy,gv,gv)))
−ϕ(G(gx,gu,gu) + G(gy,gv,gv),G(gx,gu,gu) + G(gy,gv,gv))
for all x,y,u,v ∈ X with gx ≥ gu and gy ≤ gv. If F(X × X) is contained in a complete
subspace g(X) and {F,g} is compatible. Then, F and g have a coupled coincidence point
provided that there exist x0,y0 ∈ X such that gx0 ≤ F(x0,y0) and F(y0,x0) ≤ gy0.
Proof. It follows from Theorem 2.1 by replacing (w,z) by (u,v).
If we take g = IX (the identity mapping) in Theorem 2.1, we obtain the following
coupled ﬁxed point result.
Corollary 2.2. Let (X,≤) be a partially ordered set such that there exists a complete
G− metric on X. Let F : X × X → X be a continuous map such that F has the mixed
monotone property and there exist ψ ∈ Ψ and ϕ ∈ Φ such that
ψ(G(F(x,y),F(u,v),F(w,z))) (2.16)
≤ ψ(
1
2
(G(x,u,w) + G(y,v,z)))
−ϕ(G(x,u,w) + G(y,v,z),G(x,u,w) + G(y,v,z))
for all x,y,u,v,w,z ∈ X with x ≥ u and y ≤ v. Then F has a coupled xed point provided
that there exist x0,y0 ∈ X such that x0 ≤ F(x0,y0) and F(y0,x0) ≤ y0.
Corollary 2.3. Let (X,≤) be a partially ordered set such that there exists a complete
G− metric on X. Let F : X × X → X be a continuous map such that F has the mixed
monotone property and there exists ϕ ∈ Φ such that
G(F(x,y),F(u,v),F(w,z)) (2.17)
≤
1
2
(G(x,u,w) + G(y,v,z))
−ϕ(G(x,u,w) + G(y,v,z),G(x,u,w) + G(y,v,z))
for all x,y,u,v,w,z ∈ X with x ≥ u ≥ w and y ≤ v ≤ z. Then F has a coupled xed
point provided that there exist x0,y0 ∈ X such that x0 ≤ F(x0,y0) and F(y0,x0) ≤ y0.
Proof. It follows from Corollary 2.2 by taking ψ = I[0;+1), the identity function.
Now, in our next results we drop the continuity of F and g, and compatibility of hybrid
pair {F,g}.
Theorem 2.2. Let (X,≤) be a partially ordered set such that there exists a G− metric
on X. Let F : X × X → X and g : X → X be mappings such that F has the mixed
g-monotone property and there exist ψ ∈ Ψ and ϕ ∈ Φ such that
ψ(G(F(x,y),F(u,v),F(w,z))) (2.18)
≤ ψ(
1
2
(G(gx,gu,gw) + G(gy,gv,gz)))
−ϕ(G(gx,gu,gw) + G(gy,gv,gz),G(gx,gu,gw) + G(gy,gv,gz))
8for all x,y,u,v,w,z ∈ X with gx ≥ gu ≥ gw and gy ≤ gv ≤ gz. If F(X ×X) is contained
in a complete subspace g(X) and X has the following property:
1. for a non-decreasing sequence {xn} with xn → x, we have xn ≤ x for all n,
2. for a non-increasing sequence {yn} with yn → y, we have y ≤ yn for all n.
Then F and g have a coupled coincidence point provided that there exist x0,y0 ∈ X
such that gx0 ≤ F(x0,y0) and F(y0,x0) ≤ gy0.
Proof. From Theorem 2.1, it follows that {gxn} and {gyn} are G-Cauchy sequences in
g(X), there exist x and y in X such that {gxn} and {gyn} converge to gx and gy, respec-
tively. We are to show that F(x,y) = gx and F(y,x) = gy.
As gxn ≤ gx and gyn ≥ gy for all n ≥ 0, from (2.17), we have
ψ(G(gxn+1,F(x,y),F(x,y)))
= ψ(G(F(xn,yn),F(x,y),F(x,y)))
≤ ψ(
1
2
(G(gxn,gx,gx) + G(gyn,gy,gy)))
−ϕ(G(gxn,gx,gx) + G(gyn,gy,gy),(G(gxn,gx,gx) + G(gyn,gy,gy)).
On taking limit as n → ∞, we obtain
ψ(G(gx,F(x,y),F(x,y)))
≤ ψ(
1
2
(G(gx,gx,gx) + G(gy,gy,gy)))
−ϕ(G(gx,gx,gx) + G(gy,gy,gy),(G(gx,gx,gx) + G(gy,gy,gy))
= ψ(0) − ϕ(0,0)
which implies that gx = F(x,y). Again from (2.17), we have
ψ(G(F(y,x),gyn+1,gyn+1)) = ψ(G(F(y,x),F(yn,xn),F(yn,xn)))
≤ ψ(
1
2
(G(gy,gyn,gyn) + G(gx,gxn,gxn)))
−ϕ(G(gy,gyn,gyn) + G(gx,gxn,gxn),G(gy,gyn,gyn) + G(gx,gxn,gxn)).
On taking limit as n → ∞, we have
ψ(G(F(y,x),gy,gy)) ≤ ψ(
1
2
(G(gy,gy,gy) + G(gx,gx,gx)))
−ϕ(G(gy,gy,gy) + G(gx,gx,gx),G(gy,gy,gy) + G(gx,gx,gx))
= ψ(0) − ϕ(0,0)
which implies gy = F(y,x). That is, (x,y) is a coupled coincidence point of F and g.
Corollary 2.4. Let (X,≤) be a partially ordered set such that there exists a G− metric
on X. Let F : X × X → X and g : X → X be mappings such that F has the mixed
g-monotone property and there exist ψ ∈ Ψ and ϕ ∈ Φ such that
ψ(G(F(x,y),F(u,v),F(u,v))) (2.19)
≤ ψ(
1
2
(G(gx,gu,gu) + G(gy,gv,gv)))
−ϕ(G(gx,gu,gu) + G(gy,gv,gv),G(gx,gu,gu) + G(gy,gv,gv))
9for all x,y,u,v ∈ X with gx ≥ gu and gy ≤ gv. If F(X × X) is contained in a complete
subspace g(X) and F has the following property:
1. for a non-decreasing sequence {xn} with xn → x, we have xn ≤ x for all n,
2. for a non-increasing sequence {yn} with yn → y, we have y ≤ yn for all n.
Then F and g have a coupled coincidence point provided that there exist x0,y0 ∈ X
such that gx0 ≤ F(x0,y0) and F(y0,x0) ≤ gy0.
Proof. It follows from Theorem 2.2 by replacing (w,z) by (u,v).
If we take g = IX (the identity mapping) in Theorem 2.2, we obtain the following
coupled ﬁxed point result.
Corollary 2.5. Let (X,≤) be a partially ordered set such that there exists a complete G−
metric on X. Let F : X ×X → X be a map such that F has the mixed monotone property
and there exist ψ ∈ Ψ and ϕ ∈ Φ such that
ψ(G(F(x,y),F(u,v),F(w,z))) (2.20)
≤ ψ(
1
2
(G(x,u,w) + G(y,v,z)))
−ϕ(G(x,u,w) + G(y,v,z),G(x,u,w) + G(y,v,z))
for all x,y,u,v,w,z ∈ X with x ≥ u ≥ w and y ≤ v ≤ z. If X has the following property:
1. for a non-decreasing sequence {xn} with xn → x, we have xn ≤ x for all n,
2. for a non-increasing sequence {yn} with yn → y, we have y ≤ yn for all n.
Then F has a coupled xed point provided that there exist x0,y0 ∈ X such that x0 ≤
F(x0,y0) and F(y0,x0) ≤ y0.
Corollary 2.6. Let (X,≤) be a partially ordered set such that there exists a complete
G− metric on X. Let F : X × X → X be a continuous map such that F has the mixed
monotone property and there exists ϕ ∈ Φ such that
G(F(x,y),F(u,v),F(w,z)) (2.21)
≤
1
2
(G(x,u,w) + G(y,v,z))
−ϕ(G(x,u,w) + G(y,v,z),G(x,u,w) + G(y,v,z))
for all x,y,u,v,w,z ∈ X with x ≥ u ≥ w and y ≤ v ≤ z. If X has the following property:
1. for a non-decreasing sequence {xn} with xn → x, we have xn ≤ x for all n,
2. for a non-increasing sequence {yn} with yn → y, we have y ≤ yn for all n.
Then F has a coupled xed point provided that there exist x0,y0 ∈ X such that x0 ≤
F(x0,y0) and F(y0,x0) ≤ y0.
Proof. It follows from Corollary 2.5 by taking ψ = I[0;+1), the identity function.
10Remark 2.1. 1) [32, Theorem 3.1] is a special case of Corollary 2.3 by taking
ϕ(t,s) =
(
1
4
−
k
4
)
(s + t).
2) [32, Theorem 3.2] is a special case of Corollary 2.6 by taking
ϕ(t,s) =
(
1
4
−
k
4
)
(s + t).
Now, we present the following example.
Example 2.1. Let X = [0,1] be a partially ordered set with the natural ordering of real
numbers and
G(x,y,z) = max{|x − y|,|y − z|,|z − x|}
be a complete G−metric on X. Let F : X × X → X, g : X → X, ψ : [0,+∞) → [0,+∞)
and ϕ : [0,∞) × [0,∞) → [0,∞) be dened by
F(x,y) =



x2 − y2
8
if x ≥ y
0 if x < y,
g(x) = x2, ψ(t) = t2 and
ϕ(s,t) =
1
100
(s + t)2, for s,t ∈ [0,∞).
Then
(1) (X,G,≤) is an ordered G-metric space.
(2) F(X × X) ⊆ g(X) and g(X) is complete.
(3) F has the mixed g-monotone property.
(4) For any x,y,u,v ∈ X with gx ≥ gu and gy ≤ gv, we have
ψ(G(F(x,y),F(u,v),F(u,v)))
≤ ψ(
1
2
(G(gx,gu,gu) + G(gy,gv,gv)))
−ϕ(G(gx,gu,gu) + G(gy,gv,gv),G(gx,gu,gu) + G(gy,gv,gv)).
Proof. The proof of (1), (2) and (3) are clear. To prove (4), let x,y,u,v ∈ X with gx ≥ gu
and gy ≤ gv. Then x ≥ u and y ≤ v. We divide the proof to four cases:
Case 1: x < y and u < v. Here we have F(x,y) = 0 and F(u,v) = 0, so
ψ(G(F(x,y),F(u,v),F(u,v))) = 0
≤ ψ(
1
2
(G(gx,gu,gu) + G(gy,gv,gv)))
−ϕ(G(gx,gu,gu) + G(gy,gv,gv),G(gx,gu,gu) + G(gy,gv,gv)).
11Case 2: x < y and u ≥ v. In this case, we have x < y ≤ v ≤ u ≤ x which is impossible.
Case 3: x ≥ y and u < v. Here, we have F(x,y) =
x2 y2
8 and F(u,v) = 0. Therefore
ψ(G(F(x,y),F(u,v),F(u,v))) = ψ(G(
x2 − y2
8
,0,0))
= ψ(
x2 − y2
8
) =
(x2 − y2)2
64
≤
(x2 − u2 + v2 − y2)2
64
≤ (
1
4
−
4
100
)(x2 − u2 + v2 − y2)2
= (
1
4
)(x2 − u2 + v2 − y2)2 − (
4
100
)(x2 − u2 + v2 − y2)2
= ψ(
1
2
(G(gx,gu,gu) + G(gy,gv,gv)))
−ϕ(G(gx,gu,gu) + G(gy,gv,gv),G(gx,gu,gu) + G(gy,gv,gv)).
Case 4: x ≥ y and u ≥ v. Here, we have F(x,y) =
x2 y2
8 and F(u,v) = u2 v2
8 . Therefore
ψ(G(F(x,y),F(u,v),F(u,v))) = ψ(G(
x2 − y2
8
,
u2 − v2
8
,
u2 − v2
8
))
=
(x2 − u2 + v2 − y2)2
64
≤ (
1
4
−
4
100
)(x2 − u2 + v2 − y2)2
= (
1
4
)(x2 − u2 + v2 − y2)2 − (
4
100
)(x2 − u2 + v2 − y2)2
= ψ(
1
2
(G(gx,gu,gu) + G(gu,gv,gv)))
−ϕ(G(gx,gu,gu) + G(gu,gv,gv),G(gx,gu,gu) + G(gu,gv,gv)).
Thus mappings F,g, ψ and ϕ satisfy all conditions of Corollary 2.4. Here (0,0) is a
coupled coincidence point of F and g.
References
[1] A. C. M. Ran, M. C. B. Reurings, A ﬁxed point theorem in partially ordered sets and
some application to matrix equations, Proc. Amer. Math. Soc. 132 (2004) 1435-1443.
http://dx.doi.org/10.1090/S0002-9939-03-07220-4
[2] M. Abbas, S. H. Khan and T. Nazir,Common ﬁxed points of R−weakly commuting
maps in generalized metric space, Fixed Point Theory Appl. 2011:41, (2011), 11 pages.
http://dx.doi.org/10.1186/1687-1812-2011-41
[3] I. Altun, H. Simsek, Some ﬁxed point theorems on ordered metric spaces and appli-
cation, Fixed Point Theory and Appl. Volume 2010, Article ID 621469, 17 pages.
http://dx.doi.org/10.1155/2010/621469
12[4] R. P. Agarwal, M. A. El-Gebeily and D. O’Regan, Generalized contractions in par-
tially ordered metric spaces, Appl. Anal. 87 (2008) 1-8.
http://dx.doi.org/10.1080/00036810701556151
[5] H. Aydi, H.K. Nashine, B. Samet and H. Yazidi, Coincidence and common ﬁxed point
results in partially ordered cone metric spaces and applications to integral equations,
Nonlinear Anal. 74 (17) (2011) 6814-6825.
http://dx.doi.org/10.1016/j.na.2011.07.006
[6] J. Harjani and K. Sadarangani, Fixed point theorems for weakly contractive mappings
in partially ordered sets, Nonlinear Anal. 71 (2009), 3403-3410.
http://dx.doi.org/10.1016/j.na.2009.01.240
[7] B. Harjani, L´ opez and K. Sadarangai, Fixed point theorems for weakly C-contractive
mappings in ordered metric spaces, Comput. Math. Appl. 61 (2011) 790-796.
http://dx.doi.org/10.1016/j.camwa.2010.12.027
[8] Hemant Kumar Nashine, Hassen Aydi, Common ﬁxed points for generalized contrac-
tive mappings in cone metric spaces, Journal of Nonlinear Analysis and Application,
Volume 2012 (2012) , 1-12.
http://dx.doi.org/10.5899/2012/jnaa-00133
[9] H.K. Nashine, B. Samet, C. Vetro, Monotone generalized nonlinear contractions and
ﬁxed point theorems in ordered metric spaces, Math. Comput. Modelling 54 (2011)
712-720.
http://dx.doi.org/10.1016/j.mcm.2011.03.014
[10] S. Radenovi´ c and Z. Kadelburg, Generalized weak contractions in partially ordered
metric spaces, Comput. Math. Appl. 60 (2010) 1776-1783.
http://dx.doi.org/10.1016/j.camwa.2010.07.008
[11] W. Shatanawi and B. Samet, On (ψ,ϕ)-weakly contractive condition in partially
ordered metric spaces, Comput. Math. Appl. 62 (2011) 3204-3214.
http://dx.doi.org/10.1016/j.camwa.2011.08.033
[12] W. Shatanawi, Fixed point theorems for nonlinear weakly C-contractive mappings in
metric spaces, Math. Comput. Modelling 54 (2011) 2816-2826.
http://dx.doi.org/10.1016/j.mcm.2011.06.069
[13] W. Shatanawi, Z. Mustafa and N. Tahat, Some coincidence point theorems for nonlin-
ear contraction in ordered metric spaces, Fixed Point Theory Appl. (2011), 2011:68.
[14] R. Saadati, S. M. Vaezpour, P. Vetro, and B. E. Rhoades, Fixed point theorems in
generalized partially ordered G−metric spaces, Math. Comput. Modelling 52 (2010)
797-801.
http://dx.doi.org/10.1016/j.mcm.2010.05.009
[15] T. G. Bhashkar and V. Lakshmikantham, Fixed point theorems in partially ordered
metric spaces and applications, Nonlinear Anal. 65 (2006) 1379-1393.
http://dx.doi.org/10.1016/j.na.2005.10.017
13[16] V. Lakshmikantham and Lj. ´ Ciri´ c, Coupled ﬁxed point theorems for nonlinear con-
tractions in partially ordered metric space, Nonlinear Anal. 70 (2009) 4341-4349.
http://dx.doi.org/10.1016/j.na.2008.09.020
[17] M. Abbas, M. A. Khan and S. Radenovi´ c, Common coupled ﬁxed point theorem
in cone metric space for w−compatible mappings, Appl. Math. Comput. 217 (2010)
195-202.
http://dx.doi.org/10.1016/j.amc.2010.05.042
[18] W. Shatanawi, Partially ordered cone metric spaces and coupled ﬁxed point results,
Comput. Math. Appl. 60 (2010) 2508-2515.
http://dx.doi.org/10.1016/j.camwa.2010.08.074
[19] W. Shatanawi, B. Samet, M. Abbas, Coupled ﬁxed point theorems for mixed mono-
tone mappings in ordered partial metric spaces, Mathematical and Computer Mod-
elling V0l. 55, Issues 3-4, (2012), 680-687.
http://dx.doi.org/10.1016/j.mcm.2011.08.042
[20] H. Aydi, E. Karapınar and W. Shatanawi, Coupled ﬁxed point results for (ψ,ϕ)-
weakly contractive condition in ordered partial metric spaces, Comput. Math. Appl.
62 (2011) 4449-4460.
http://dx.doi.org/10.1016/j.camwa.2011.10.021
[21] B.S. Choudhury and A. Kundu, A coupled coincidence point result in partially ordered
metric spaces for compatible mappings, Nonlinear Anal. 73 (2010) 2524-2531.
http://dx.doi.org/10.1016/j.na.2010.06.025
[22] B. Samet, Coupled ﬁxed point theorems for a generalized MeirKeeler contraction in
partially ordered metric spaces, Nonlinear Anal. 72 (2010) 4508-4517.
http://dx.doi.org/10.1016/j.na.2010.02.026
[23] W. Shatanawi, Some Common Coupled Fixed Point Results in Cone Metric Spaces,
Int. J. Math. Anal. 4 (2010) 2381-2388.
[24] H. K. Nashine and W. Shatanawi, Coupled common ﬁxed point theorems for a pair
of commuting mappings in partially ordered complete metric spaces, Comput. Math.
Appl. 62 (2011) 1984-1993.
http://dx.doi.org/10.1016/j.camwa.2011.06.042
[25] Z. Mustafa and B. Sims, A new approach to generalized metric spaces, J. Nonlinear
Convex Anal. 7(2) (2006) 289-297.
[26] M. Abbas, A. R. Khan and T. Nazir, Coupled common ﬁxed point results in two
generalized metric spaces, Appl. Math. Comput. 217 (2011) 6328-6336.
http://dx.doi.org/10.1016/j.amc.2011.01.006
[27] M. Abbas, T. Nazir and S. Radenovi´ c, Some periodic point results in generalized
metric spaces, Appl. Math. Comput. 217 (2010) 195-202.
http://dx.doi.org/10.1016/j.amc.2010.10.026
14[28] M. Abbas, T. Nazir and P. Vetro, Common ﬁxed point results for three maps in G-
metric spaces, Filomat 25 (2011) 1-17. http://dx.doi.org/10.2298/FIL1104001A
[29] M. Abbas and B. E. Rhoades, Common ﬁxed point results for non-commuting map-
pings without continuity in generalized metric spaces, Appl. Math. Comput. 215
(2009) 262-269.
http://dx.doi.org/10.1016/j.amc.2009.04.085
[30] H. Aydi, B. Damjanovi´ c, B. Samet, W. Shatanawi, Coupled ﬁxed point theorems for
nonlinear contractions in partially ordered G−metric spaces, Math. Comput. Mod-
elling 54 (2011) 2443-2450.
http://dx.doi.org/10.1016/j.mcm.2011.05.059
[31] H. Aydi, W. Shatanawi, C. Vetro, On generalized weakly G-contraction mapping in
G-metric spaces, Comput. Math. Appl. 62 (2011) 4222-4229.
http://dx.doi.org/10.1016/j.camwa.2011.10.007
[32] B. S. Choudhury and P. Maity, Coupled ﬁxed point results in generalized metric
spaces, Math. Comput. Modelling 54 (2011) 73-79.
http://dx.doi.org/10.1016/j.mcm.2011.01.036
[33] L. Gaji´ c and Z.L. Crvenkovi´ c, A Fixed Point Result For Mappings With Contractive
Iterate at a Point in G−Metric Spaces, Filomat 2011, Vol. 25, Issue 2, 53-58.
http://dx.doi.org/10.2298/FIL1102053G
[34] L. Gaji´ c and Z. L. Crvenkovi´ c, On mappings with contractive iterate at a point in
generalized metric spaces, Fixed Point Theory Appl. 2010 (2010), Article ID 458086,
16 pages.
http://dx.doi.org/10.1155/2010/458086
[35] M. ¨ Ozt¨ urk and M. Ba¸ sarir, On some common ﬁxed point theorems with ϕ-maps on
G-cone metric spaces, Bull. Math. Anal. Appl. 3 (2011) 121-133.
[36] Z. Mustafa, H. Obiedat and F. Awawdehand, Some ﬁxed point theorem for mapping
on complete G−metric spaces, Fixed Point Theory Appl. vol. 2008, Article ID 189870,
12 pages.
http://dx.doi.org/10.1155/2008/189870
[37] Z. Mustafa and B. Sims, Fixed point theorems for contractive mapping in complete
G−metric spaces, Fixed Point Theory Appl. vol. 2009, Article ID 917175, 10 pages.
http://dx.doi.org/0.1155/2009/917175
[38] Z. Mustafa, M. Khandaqji, W. Shatanawi, Fixed Point Results on Complete
G−metric spaces, Studia Scientiarum Mathematicarum Hungarica, 48 (2011), 304-
319.
http://dx.doi.org/10.1556/SSc-Math.48.2011.3.1170
[39] Z. Mustafa, F. Awawdeh and W. Shatanawi, Fixed point theorem for expansive map-
pings in G−metric spaces, Int. J. Contemp. Math. Sciences 5 (2010) 2463-2472.
15[40] Sushanta Kumar Mohanta, Common Fixed Points for Mappings in G-Cone Metric
Spaces, Journal of Nonlinear Analysis and Application, Volume 2012 (2012), 1-13.
http://dx.doi.org/10.5899/2012/jnaa-00120.
[41] W. Shatanawi, Fixed point theory for contractive mappings satisfying Φ−maps in
G−metric spaces, Fixed Point Theory Appl., vol. 2010, Article ID 181650, 9 pages.
http://dx.doi.org/10.1155/2010/181650
[42] W. Shatanawi, Some ﬁxed point theorems in ordered G−metric spaces and applica-
tions, Abstact and Applied Analysis, Vol. 2011, Article ID 126205, 11 pages.
http://dx.doi.org/10.1155/2011/126205
[43] W. Shatanawi, Coupled ﬁxed point theorems in generalized metric spaces, Hacettepe
Journal Math. Stat. 40 (3) (2011) 441-447.
[44] M.S. Khan, M. Swaleh and S. Sessa, Fixed point theorems by altering distances
between the points, Bul. Aust. Math. Soc. 30 (1) (1984) 1-9.
http://dx.doi.org/10.1017/S0004972700001659
16